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The deviatoric stresses of colloidal suspensions are routinely calculated, in theoretical studies
as well as in Brownian and Stokesian Dynamics simulations, using the expression introduced by
Batchelor [J. Fluid Mech. 83, 97–117 (1977)]. We show by example that the central feature of
its derivation, the thermodynamic force representing the mean Brownian motion of colloids as flow
against the density gradient, is inconsistent with the motion of the colloids on the Smoluchowski
time scale. The mean Brownian motion is well-known to originate in the spatial variation of the
grand mobility matrix, which therefore ought to be included in stress calculations instead. A novel
expression for the stress is derived, restoring the hydrodynamic relation between the motion of
suspended particles and their induced stress.
I. INTRODUCTION
Adding rigid colloids or flexible polymers to simple flu-
ids is well-known to affect the flow behaviour of the fluid,
raising the viscosity and giving rise to visco-elastic phe-
nomena like shear thinning; the interested reader is ref-
ered to various reviews [1–5]. Einstein [6, 7] famously de-
rived that the viscosity of a dilute suspension of spherical
colloids increases linearly with the colloidal volume frac-
tion. Batchelor [8, 9] proposed a general expression for
the deviatoric stress of non-dilute colloidal suspensions
of spherical colloids subject to Brownian motion, which
has become widely accepted as the standard expression
in theoretical and simulation studies. It is therefore dis-
concerting to note that the forces entering Batchelor’s
stress calculation differ from those entering the equa-
tions of motion of the colloids [2, 10–12]. The problems
comprise the use of a ‘thermodynamic force’ acting on
the particles and the omission of a subtle correction for
the configuration-dependence of the hydrodynamic ma-
trix. A new expression for the deviatoric stress is derived
by combining a number of well-known results on micro-
hydrodynamics and Brownian motion.
Batchelor [9] derived the stress of a colloidal suspension
of Brownian particles as
s
Σ = −p1+ 2η0E+ 1
V
∑
i
S
E
i −
1
V
∑
i
(Ci + xi1) · Fi
(1a)
= −p1+ 2η0E+ 1
V
∑
i
S
E
i −
kBT
V
∑
i
∇i ·Ci, (1b)
where, in the first line, p is the hydrostatic pressure, η0
denotes the viscosity of the suspending fluid, E is the
imposed uniform strain rate tensor, V is the volume, the
summations run over all particles, SEi is the hydrody-
namic stress on colloid i due to the strain deformation
(in the absence of Brownian contributions), the prod-
uct E:Ci yields the velocity boost of said particle in
a strain deformation due to hydrodynamic interactions
with the surrounding colloids, xi is the position of the
ith particle, and Fi denotes the non-hydrodynamic force
acting on the particle. Batchelor equates this force to
the ‘thermodynamic force’, F˜ Ti , an effective (denoted by
the tilde) force describing the average result of Brownian
motion as a deterministic motion against the concentra-
tion gradient; a more extensive discussion of this force is
presented below. He thus arrived at the second line in
the above equation, where kB is Boltzmann’s constant
and T stands for the absolute temperature, as an ap-
proximate expression to the stress valid at low volume
fraction only. Felderhof and Jones [13] and Na¨gele and
Bergenholtz [14] added a conservative potential-based
force FΦi = −∇iΦ, describing direct interactions between
the colloids, Fi = F˜
T
i + F
Φ
i , thereby arriving at a stress
expression with an inter-colloidal virial contribution,
s
Σ = −p1+ 2η∞E− kBT
V
∑
i
∇i ·Ci
−
∑
i
xi ⊗ FΦi −
∑
i
Ci · FΦi ,
(2)
where η∞ is the high frequency limiting viscosity; this
expression was shown to hold true at all volume frac-
tions. These equations and equivalent formulations are
widespread in the literature, both in theoretical and nu-
merical studies. Our objectives here are to discus a prob-
lem underlying the inclusion of the average Brownian
force in Eqs. (1b) and (2), and to provide a corrected
expression for the stress.
This paper is structured as follows. Batchelor’s ar-
gument for the thermodynamic force is repeated in Sec-
tion II. In Section III it is shown that the thermodynamic
force does not agree with the motion of colloids on the
Smoluchowski time scale, and therefore ought not to be
included in the derivation of a stres expression. There is
a subtle Brownian contribution to the motion of colloids
on the Smoluchowski time scale that must be included
instead, as explained and used in Section IV to derive a
novel stress expression. The new stress expression is com-
pared against current expressions in Section V, followed
by a summary of our findings in Section VI. We apolo-
2gize to readers familiar with more stringent derivations
of the various partial results used to refute Batchelor’s
argument and to derive a new stress expression: we use
simple arguments to highlight the mayor points that have
been systematically overlooked for the last 40 years.
II. BACKGROUND
In a famous Gedankenexperiment, Einstein [6] con-
sidered the equilibrium probability distribution function
P (x) of a dilute suspension of identical colloidal parti-
cles in an external potential Φ(x). In equilibrium, the
particle flux due to the external potential is balanced by
the flux due to Fickian diffusion against the concentra-
tion gradient. The macroscopic flux J(x) then vanishes
at every point x, following
J = −PM∇Φ−D∇P = 0, (3)
whereM denotes the mobility matrix andD the diffusion
matrix. By inserting Boltzmann’s equilibrium distribu-
tion,
P (x) = P0e
−βΦ(x), (4)
where P0 normalizes the distribution and β = 1/(kBT ),
Einstein showed that equilibrium implies M = βD. Us-
ing Stokes’s expression for the mobility of a spherical par-
ticle of radius a in a fluid of viscosity η, Einstein obtained
the diffusion coefficient
D =
kBT
6piηa
1. (5)
While the Stokes-Einstein expression was derived for col-
loids subject to an external force, it is equally valid for
unforced colloids.
In a sequel paper, Einstein [7] likened the action of
the diffusive term to a force acting on every particle,
while the central equation he solved was still a flux bal-
ance. Batchelor [8] described this interpretation as fol-
lows: ‘the particle flux due to Brownian migration is the
same here as if a certain steady force acted on the parti-
cles (this force being equal and opposite to the external
force FΦ = −∇Φ that, in the equilibrium situation, pro-
duces a convective flux which balances the diffusive flux).’
The flux balance in Eq. (3) is rewritten as
−P
(
M∇Φ+ 1
P
D∇P
)
= PM
(
F
Φ + F˜ T
)
= 0, (6)
which, following Batchelor [8], is ‘the same as if a steady
force
F˜
T (x) = −kBT∇ lnP (x) (7)
acted on the particle[s]. It is of course not to be supposed
that the interaction of a particle with the molecules of the
surrounding medium is literally equivalent to the exertion
of a steady force on the particle. When the probability
density of the particle position is non-uniform, the mean
Brownian velocity of a particle, conditional upon it being
near a point x, is non-zero simply as a consequence of the
fact that the particle is more likely to have come from a
direction in which the probability density increases than
from one in which it decreases; and it is this bias in the
statistics of particle velocities at x (which is quite consis-
tent with zero mean of the Brownian velocity of a given
particle in the absence of an applied force) that is equiva-
lent, so far as its effect on the diffusive flux is concerned,
to the action of the steady force Eq. (7) on the particle.’
The thermodynamic force experienced by the particles
near x is said to result in a thermodynamic force on col-
loid i given by [8, 9]
F˜
T
i = −kBT
∂
∂xi
lnP (x1, . . . ,xN ), (8)
where P (x1, . . . ,xN) is the joint probability distribu-
tion function of all N particles. Batchelor [9] writes
that ‘these thermodynamic forces reproduce the statis-
tical bias in the random walks of the particles which re-
sults from the non-uniformity of the joint-probability dis-
tribution function.’ This use of the thermodynamic force
is widespread in text books [1, 2, 5, 12, 15]. Building
on the thermodynamic force, Batchelor [9] derived his
widely used expression for the deviatoric stress in a sus-
pension of spherical Brownian colloids at low strain rate,
see Eq. (1b), as well as an expression for the viscosity
of these suspensions up to second order in the colloidal
volume fraction.
III. THE THERMODYNAMIC FORCE
REVISITED
In the reinterpretation of the flux balance as a force
balance, it follows from Eq. (6) that the particles in an
equilibrium suspension experience a vanishing nett force
and consequently hover around an equilibrium position.
But the colloids are obviously not stationary, as they are
continuously subjected to rapidly fluctuating interactions
with the surrounding solvent molecules in perpetual ther-
mal motion. These fluctuating Brownian forces are not
contained in the thermodynamic force, which is devoid
of information on the dynamical properties of the sol-
vent, like the viscosity, or those of the solvent molecules.
Consequently, the individual colloids must also be experi-
encing fluctuating Brownian forces FBi ; these forces must
have a vanishing average 〈FBi 〉 = 0 so as not to alter the
force balance of Eq. (6). As explained in the above cita-
tion of Batchelor, these Brownain forces are the origin of
the diffusive flux in Eq. (3) and the thermodynamic force
in Eq. (6). Randomly fluctuating Brownian forces are
central to any study on the dynamics of colloids in fluids.
The thermodynamic force, however, is not: the dynamics
3of colloidal particles is routinely solved without reference
to the thermodynamic force [2, 10–12, 16]. One obvious
complication is that the probability distribution P , and
hence F˜ Ti , is not at hand in particle-based simulations,
which require explicit expressions of the forces in terms
of the particle positions – the work-around is integration
by parts over configuration space to obtain a regular en-
semble average, a was used in deriving Eqs. (1b) and (2).
But that is not the only cause of concern.
Consider a dilute suspension of identical spherical col-
loids, each with the same positive excess mass m relative
to the volume of fluid they displace, in a gravity field
acting along the negative z direction. Using the flux
J defined by the l.h.s. of Eq. (3), the evolution of the
one-dimensional overall probability distribution P (z, t)
follows from the conservation expression known as the
Fokker-Planck-Smoluchowski equation [11, 17–19],
∂P
∂t
= −∂J
∂z
=
mg
γ
∂P
∂z
+D
∂2P
∂z2
, (9)
where in the second step the effective massm, the friction
coefficient γ, the accelaration by gravity g and the dif-
fusion coefficient D are assumed constant. In dilute sys-
tems, this equation applies to both the macroscopic con-
centration profile and the probability distribution func-
tion of an individual particle. The equilibrium solution,
in the presence of a wall restricting the motion to z ≥ 0,
recovers the Boltzmann distribution,
Peq(z) = Peq(0)e
−βmgz, (10)
as is readily confirmed by using Einstein’s relation D =
kBT/γ. We focus now on the subset of those particles
that are at a specific height z0, with z0 ≫ 0, at time 0.
Their probability distribution function at a later time t
is obtained as the Green’s function to the Smoluchowski
equation [2, 11, 12],
P (z, t|z0) = 1√
4piDt
exp
[
[z − (z0 + vgt)]2
4Dt2
]
, (11)
with drift velocity vg = −mg/γ. This solution expresses
that the colloids in an equilibrium distribution are not
hovering around a constant height but have a propensity
to gradually sink to the bottom of the container, where
the Boltzmann probability distribution reaches its max-
imum. Because this subset of colloids is part of a larger
system in equilibrium, it follows that the flux balance of
the overall density at the macroscopic level, as in Eq. (3),
does not translate into a balance of potential and ther-
modynamic forces at the microscopic level, as implied in
the re-interpretation of the flux balance as a force balance
in Eq. (6). Colloids are not subject to an effective force
that drives them against the concentration gradient; in-
stead, a concentration gradient turns the average effect
of the random Brownian motion of many particles into a
macroscopic flux against the concentration gradient.
The inevitable conclusion is that colloids do not expe-
rience the ‘thermodynamic force’ envisaged by Einstein
and Batchelor, and expressions derived using the ther-
modynamic force are to be considered with care. Of
particular interest here is the stress of a colloidal sus-
pension. Batchelor [9], following his interpretation of
the thermodynamic force as the average Brownian force
on a particle, substituted the non-hydrodynamic force Fi
in Eq. (1a) with the thermodynamic force F˜ Ti , see his
Eq. (3.8), and after some mathematical steps arrived at
Eq. (1b) as the stress expression valid for low volume
fractions. Likewise, Doi and Edwards [2] emphasize in
their Eq. (3.135) that the force entering their virial ex-
pression ‘must include[s] the thermodynamic force.’ This
step is made by various authors – see for instance Felder-
hof [20], Eqs. (4.8), (5.2), (5.6), (5.7) and (7.12), Wagner
[21], Eq. (6), Brady [22], Eq. (42), Strating [23], Eq. (A2),
and Na¨gele and Bergenholtz, [14], Eq. (14) – in deriving
stress expressions for colloidal suspensions. But, as ob-
served above, the thermodynamic force is unrelated to
the motion of the colloids and should therefore not be
used in deriving a stress expression – not in the stress
tensor of a given configuration, nor in an ensemble av-
erage. This is not to say that non-zero mean Brownian
displacements do not contribute to the stress – Batchelor
was correct to notice that they are relevant. But the non-
zero mean Browninan displacements that appear in the
Langevin equation of motion, and should be used in the
stress expression, result from the spatial non-homogeneity
of the diffusion matrix, rather than from the thermody-
namic force. A revised expression for the stress will be
derived in the next section.
For completeness, the colloids initially at z0 will evi-
dently not sink forever. Interactions with the wall will
eventually cause deviations from Eq. (11), and for long
times the conditional probability converges to the equi-
librium distribution, P (z,∞|z0) = Peq(z). This limiting
behaviour is only obtained on a very long time scale, with
the particles bouncing off the wall numerous times. For
a macroscopic system in equilibrium, comprising many
particles interacting with the wall at any moment, both
the flux balance of Eq. (3) and a force balance between
gravity and wall forces are obeyed nearly instantaneously.
For an individual particle in this system, however, its
force balance between gravity and wall forces is reached
only on a very long time scale; on the far shorter Smolu-
chowski time scale of motion over a fraction of the col-
loid’s size, the persistent pull by gravity results in a
downward mean motion (that is, along the concentration
gradient) with super-imposed Brownian fluctuations. In
summary, the thermodynamic force based on the gradi-
ent of kB lnP (x), or on the gradient of µ(x)/T (x) with µ
the chemical potential, provides an effective force in the
phenomenological relation for the evolution of the macro-
scopic concentration profile [24], but this force is not to
be applied to individual colloids.
4IV. THE STRESS
We now set forth to derive an expression for the de-
viatoric stress in a suspension of rigid Brownian colloids
in the Stokesian limit, i.e. for vanishing Reynolds and
Stokes numbers, by combining a couple of well-known
results on micro-hydrodynamics and Brownian motion.
To keep the exposition focussed on the key issues, and to
facilitate the comparison with earlier work [2, 9, 13, 14],
we initially restrict the discussion to linear velocities only
– the inclusion of angular velocities will be postponed till
Section IVE. We will start by repeating a couple of well-
known results, to describe the background and set the
notation, before merging them into an expression for the
stress.
A. Stokesian flow
Consider an isolated non-Brownian particle in a New-
tonian fluid. The particle is described by its position x
and velocity U = x˙; the externally imposed macroscopic
linear flow field is given by u(r) = u0 + Er with a con-
stant small strain rate E, i.e. the traceless symmetric
(3 × 3) velocity gradient matrix. It is well-known from
micro-hydrodynamics that the hydrodynamic drag force
F
H and stress SH experienced by the colloid are related
under Stokesian flow conditions by [3, 5, 25](
F
H
S
H
)
= −
(
RFU RFE
RSU RSE
)(
U − u(x)
−E
)
, (12)
where R is the grand resistance matrix. The elements
of this matrix are obtained by explicitly solving the flow
and pressure fields surrounding the moving particle, fol-
lowed by working out their consequences for the particle.
The hydrodynamic force FH is the zeroth moment of the
fluid’s deviatoric stress field s(r) (unit: N/m2) integrated
over the surface of the particles, the deviatoric stress SH
(unit: Nm) is obtained as the symmetric first moment
of s(r). Analytic solutions of R are available for spher-
ical and spheroidal particles [3]; the interested reader is
referred to the literature for details on numerical solvers
for colloids of arbitrary shape [26–29]. Under the condi-
tions of Stokesian flow, the total force on the particle is
zero and the stress exerted by the particle on the fluid,
S, balances the stress by the fluid on the particle,
F
Φ + FH = 0, (13a)
S+ SH = 0. (13b)
Combining the above equations yields, by partial inver-
sion [3, 5, 25],(
U − u
S
)
=
(
MUF MUE
MSF MSE
)(
F
Φ
E
)
, (14)
where the grand mobility matrix M is related the grand
resistance matrix by
M =
(
R
−1
FU R
−1
FURFE
RSUR
−1
FU RSUR
−1
FURFE −RSE
)
. (15)
Of the two elements on the l.h.s. of Eq. (14), the velocity
serves as part of an equation of motion, U = x˙, while
the stress does not.
B. Brownian dynamics
Consider an isolated Brownian particle in a quiescent
Newtonian fluid. The evolution of its probability distri-
bution P (x, t) is described by the Smoluchowski equation
∂P
∂t
= −∇ ·
[(
−MUF∇Φ+∇ ·D
)
P
]
+∇∇ :
(
DP
)
,
(16)
where, unlike in Eq. (9), it is assumed that the mobility
matrix, the diffusion matrix D = kBTMUF , and the po-
tential are functions of the colloidal position. In this stan-
dard form of the Smoluchowksi equation, it follows from
the pre-factor to P in the first term on the r.h.s., see Van
Kampen [11], Eqs (IX.4.5), (IX.4.11) and (IX.4.12), and
O¨ttinger [12], Eqs (3.78) and (3.79), that the particle ex-
periences, in addition to the potential force FΦ = −∇Φ,
an effective mobility-related force
F˜
M = M−1UF∇ ·D = kBTM−1UF∇ ·MUF . (17)
This term arises because a first order equation of motion
is constructed to describe the dynamics resulting from
a second order equation of motion including a Brown-
ian term with a position-dependent strength. A tilde is
added to emphasize that this is not a real force experi-
enced by the particle, i.e. it does not enter a Newtonian
equation of motion or a second order Langevin equation,
but an effective force emerging in a first order Langevin
equation of motion on the Smoluchowski time scale. The
equation of motion in the Itoˆ interpretation then reads
as [2, 11, 12, 19, 30]
x˙ = MUF
(
F
Φ + F˜M + FB
)
, (18)
where the Brownian force, with 〈FB〉 = 0, obeys the
fluctuation-dissipation theorem〈
F
B(t)⊗ FB(t′)〉 = 2kBTRFUδ(t− t′). (19)
The Itoˆ interpretation implies that all quantities appear-
ing on the r.h.s. of Eq. (18) are evaluated using the
positions x before their incremental change due to the
velocity x˙. From a physical point of view, this Langevin
equation only holds true on the Smoluchowski time scale:
it describes the motion on a time scale that far exceeds
5the relaxation time of the velocity autocorrelation of the
colloid, thereby eliminating inertia effects in the force
balance, but is still short compared to motion over the
colloid’s size. The random force entering the dynamics
then no longer consists of an infinite series of uncorre-
lated (Markovian) delta peaks, resulting in discontinuous
jumps in the velocity, but of a well-defined time-integral
over these peaks [12]. Note that merely removing the
inertial term from the Newtonian equation of motion is
well-known not to yield the correct Itoˆ-form of the first-
order Langevin equation of motion – inclusion of the ef-
fective force F˜M , accounting for a bias incurred by Brow-
nian motion with a spatially varying mobility matrix, is
crucial to recovering both the correct dynamics and the
equilibrium Boltzmann distribution [2, 30].
The displacements of the particles over a simulation
time step ∆t are usually approximated by the forward
Euler scheme [see 12], i.e. integrating the r.h.s. of
Eq. (18) from t to t + ∆t while keeping the coordinates
fixed at their values at time t,
x(t+∆t)− x(t) = MUF
[
F
Φ + F¯B(t)
]
∆t
+ kBT∇ ·MUF∆t,
(20)
where the step-averaged Brownian force F¯B(t) =
(∆t)−1
∫ t+∆t
t
F
B(τ)dτ obeys the fluctuation-dissipation
theorem 〈
F¯
B(t)⊗ F¯B(t′)〉 = 2kBT∆tRFUδt,t′ , (21)
where the Kronecker delta δt,t′ equals one if t and t
′ refer
to the same step and zero is t and t′ refer to disctinct
steps. In practice, the displacement due to the Brownian
force is readily calculated as
∆xB(t) = MUF F¯
B(t)∆t =
√
2kBTM
1/2
UFθ(t)
√
∆t,
(22)
where the vector θ(t) contains three random numbers
of zero mean, unit variance and devoid of correlations;
again, the forces and matrices entering these equations
are evaluated at time t, before the position update.
As will be discussed in more detail below, there are
two Brownian-related terms affecting the displacement
in Eq. (20) and hence the step-averaged velocity of the
colloid; it then follows from Eq. (12) that both terms
contribute to the stress. Inclusion of a slow (relative to
the Smoluchowski time scale) shear flow is achieved by
x˙ = MUF
(
F
Φ + F˜M + FB
)
+MUEE+ u, (23)
and integration from t to t+∆t extends Eq. (20) with the
flow-related displacement terms −MUEE∆t + u∆t; the
discretized equation of motion to first order in ∆t does
not contain coupling between diffusion and strain [31, 32].
The order of strong convergence of this Euler scheme is
1/2; Mil’shtein [12, 33] method is required to reach an
order of one. The above results are all well-known – they
form the starting point of theoretical developments and
Brownian Dynamics simulations exploring colloidal dy-
namics beyond the Smoluchowksi time scale. Ermak and
McCammon [10] derived the above integration scheme
starting from the second order Langevin equation of mo-
tion of a colloid. The implementation of this scheme for
a collection of hydrodynamically interacting colloids is
known as Stokesian Dynamics [16].
C. The stress
The results of the previous two sections are now com-
bined to obtain the deviatoric stress on an isolated col-
loid. Since we are dealing with a system in Stokesian
flow, the hydrodynamic force and stress on the colloid
are obtained by Eq. (12). The hydrodynamic stress is not
part of an equation of motion, there is no related Fokker-
Planck equation, nor do the hydrodynamic matrices vary
with the stress. One may therefore apply Eq. (12), still in
the Itoˆ representation and keeping in mind that the equa-
tion is physically valid on the Smoluchowski time scale.
Inserting the velocity derived in Eq. (23), and using the
matrix relations from Eq. (15), gives
F
H = −
(
F
Φ + F˜M + FB
)
, (24)
thereby recovering the expected force balance of a Brow-
nian colloid in Stokesian flow on the Smoluchowski time
scale. The effective mobility-related force does not fea-
ture in a second order Langevin equation of motion of
a colloid, but emerges in the first order Langevin equa-
tion: it accounts for the average Brownian force on the
Smoluchowski time scale being non-zero in the presence
of a non-constant mobility matrix [2, 10–12, 30]. Spatial
variations of the mobility matrix affect the Brownian dis-
placements of the colloid, thereby giving rise to an effec-
tive force on the Smoluchowski time scale; the additional
displacement, i.e. the last term in Eq. (20), contributes
to the velocity of the colloid and thereby to the stress
induced by the colloid.
Returning to Eq. (12) and again inserting the velocity
derived in Eq. (23), one readily obtains the deviatoric
hydrodynamic stress by the particle on the fluid as
S
H = SΦ + S˜M + SB + SE . (25)
Using the matrix relations from Eq. (15), one finds that
the stress consists of a potential term
S
Φ = −RSUMUFFΦ = −MSFFΦ (26)
and a strain term
S
E = − (RSUMUE −RSE)E = −MSEE, (27)
both of which already featured in Eq. (14), as well as two
6Brownian-related contributions: a fluctuating term
S
B = −RSUMUFFB = −MSFFB (28)
and a systematic term
S˜
M = −RSUMUF F˜M = −MSF F˜M
= −kBTRSU∇ ·MUF .
(29)
The latter two terms arise because both the step-averaged
Brownian force FB , with zero mean, and the mobility-
related effective force F˜M , accounting for the non-zero
mean Brownian displacement induced by spatial varia-
tions of the mobility matrix, contribute to the velocity
and displacement of the colloid on the Smoluchowski time
scale, see Eqs. (18) and (20), while the stress is linear in
this velocity under Stokesian flow conditions.
Combining the force balance of Eq. (24) with the stress
balance of Eq. (13b), and repeating the partial inversion
of Eq. (14), one arrives at(
U − u
S
)
=
(
MUF MUE
MSF MSE
)(
F
Φ + F˜M + FB
E
)
,
(30)
again in the Itoˆ interpretation and on the Smoluchowski
time scale. Evaluating this expression recovers both the
above equation of motion and the four stress contribu-
tions. For simulation purposes, forward Euler integration
of Eq. (30) gives
x(t+∆t) = x(t) + U¯(x(t), t)∆t, (31a)
U¯(x, t) = MUF
[
F
Φ + F˜M + F¯B(t)
]
+MUEE+ u,
(31b)
S¯(x, t) = MSF
[
F
Φ + F˜M + F¯B(t)
]
+MSEE,
(31c)
where the step-averaged velocity U¯ and stress S¯ are de-
termined to the same order in the time step ∆t. This re-
covers the usual equation of motion, with a revised stress.
D. Fluctuating contributions to the stress
The perpetual Brownian motion of colloids affects the
stress both directly and indirectly. The direct contri-
butions are represented by the combination of SB, the
hydrodynamic stress due to colloidal motions induced by
the fluctuating Brownian force, and S˜M , accounting for
a systematic bias in the Brownian force whenever the
mobility tensor is non-uniform, e.g. due to hydrody-
namic interactions between colloids. The indirect con-
tribution results from the combination of Brownian mo-
tion with potential forces and imposed strain rate, collec-
tively determining the time-evolving distribution of the
colloids. Besides these two well-known contributions, the
multitude of interactions of the colloid with the solvent
molecules in perpetual thermal motions gives rise to two
additional stress contributions. The long-time average
of the colloid-solvent interaction yields the hydrostatic
stress −p1, with p the hydrostatic pressure. Denoting
the difference between the short-time and long-time av-
erages as the ‘fluctuating Brownian stresslet,’ SB, one
finds that 〈SB〉 = 0. Since the fluctuating Brownian
force and the fluctuating Brownian stresslet are distinct
projections of the same interactions of the colloid with
the solvent, namely the zeroth moment and the symmet-
ric first moment of the fluctuating stress field over the
colloids surface, respectively, they are related by a gen-
eralized fluctuation-dissipation theorem [34],〈(
F
B(t)
S
B(t)
)
⊗
(
F
B(t′)
S
B(t′)
)〉
= 2kBT
(
RFU RFE
RSU RSE
)
δ(t− t′).
(32)
This coupling does not alter the equation of motion, as
is readily verified by noting that the usual fluctuation-
dissipation theorem in Eq. (19) is a subset of the
above expression, while the total deviatoric stress SH
in Eq. (25) acquires the fluctuating stresslet SB.
E. Angular velocities
Linear flow fields may include a constant rotational
component, u(r) = u0+ω×r+Er, and a colloid in a flow
field may acquire an angular velocityΩ. The correspond-
ing extension of Eq. (30) retains the same concepts, while
introducing complications that we hitherto avoided for
clarity of presentation. For spherical particles, it suffices
to re-interpretate the velocity vectors U and u as six-
vectors combining the linear and angular velocities of the
colloid and flow field, respectively, to re-interpret each of
the forces FΦ, F˜M and FB as six-vectors combining a
force and a torque, and to extend the grand mobility and
grand resistance matrices accordingly. With these steps,
the expressions for the motion and stress in Eq. (30) and
the fluctuation-dissipation theorem of Eq. (32) hold true
again. Only the translational equation of motion needs to
be solved to explore the evolution of the system in time.
If the particle is non-spherical, however, the rotational
motion has to be solved as well. The complication here
is that the angular velocityΩ is not the time derivate of a
coordinate vector. One may use Euler angles or a Carte-
sian rotation vector to derive the corresponding mobility
matrix and its divergence [35], but care must been taken
to avoid the singular points of the resulting equations of
motion. Furthermore, the orientation-dependence of the
volume of momentum space gives rise to an additional
contribution to the torque. These issues are elegantly
solved by using quaternions, i.e. a set of four coordi-
nates coupled by a unit-length constraint, which results
in a remarkably simple equation of motion [29, 36].
7F. Multiple colloids
The above derivation is readily extended to a collection
of N particles. Upon re-interpreting x, FB , etcetera, as
vectors comprising all particle coordinates, all Brownian
forces, etcetera, the above equations remain unaltered.
One then obtains for the ithparticle,
(
Ui
Si
)
=
N∑
j=1
(
M
ij
UF M
ij
UE
M
ij
SF M
ij
SE
)(
F
Φ
j + F˜
M
j + F
B
j
E
)
+
(
u(xi)
−SBi
)
,
(33)
with fluctuation-dissipation theorem〈(
F
B
i (t)
S
B
i (t)
)
⊗
(
F
B
j (t
′)
S
B
j (t
′)
)〉
= 2kBT
(
R
ij
FU R
ij
FE
R
ij
SU R
ij
SE
)
δ(t− t′),
(34)
and so on, where it should be noted that the many-
particle matrices M and R are related by Eq. (15),
whereas the two-particle matrices Mij and Rij are not.
In this extension, the hydrodynamic matrices account for
hydrodynamic interactions between the particles, i.e. a
force acting on particle j contributes to the velocity and
stress of particle i, and vice versa. With the potential
limited to inter-particle interactions, i.e. in the absence
of external interactions, the overall deviatoric stress ex-
erted on the fluid, sΣ (unit: N/m2), at a strain rate E is
obtained as
s
Σ = 2η0E− 1
V
∑
i
Si − 1
V
Pˆ
∑
i<j
xij ⊗ FΦij , (35)
where the first term on the r.h.s. is the stress in the
suspending fluid with viscosity η0, the second term ac-
counts for hydrodynamic interactions between the parti-
cles and the fluid, including fluid-mediated interactions
between the particles, and the third term is the regular
virial expression arising from direct inter-particle inter-
actions [2, 9], where the projection
PˆX = (X+XT)/2− det(X)1 (36)
returns the symmetric traceless part of a matrix X. The
total stress tensor of the suspension is obtained by adding
the hydrostatic pressure −p1 to Eq. (35). The contribu-
tion of the colloids to this total stress, also known as the
osmotic stress, is obtained from Eq. (35) by removing
the bulk term 2η0E and the projection Pˆ, and adding
the kinetic contribution −NkBT1/V .
V. COMPARISON OF STRESS EXPRESSIONS
Comparing the novel expression for the stress with ear-
lier expressions, by Batchelor [9], Eqs. (2.2) and (3.10),
Felderhof [20], Eq. (7.17), Brady [22], Eqs (38) through
(40), and Na¨gele and Bergenholtz [14], Eq. (31), reveals
a number of similarities and differences. The contribu-
tions due to the strain are identical, where the stress SEi
in Eq. (1b) is understood to include hydrodynamic inter-
actions between the colloids, SEi = −
∑
j M
ij
SEE. From
the velocity relation under pure strain [9, 14],
Ui = u(xi) +E : Ci = u(xi) +
∑
j
M
ij
UE : E, (37)
follows Ci =
∑
j M
ji
SF , where a symmetry rule of the
grand mobility matrix [26] was used in the last step. The
potential-induced hydrodynamic term in Eq. (2) then
reads as SΦ = −∑iCi · FΦi = −∑ij MjiSFFΦi , in agree-
ment with the corresponding term in Eq. (33).
The differences are in the stress contributions by the
Brownian forces. Previous derivations of stress expres-
sions are based on the assumption that the mean contri-
bution of the Brownian force is provided by the thermo-
dynamic force F˜ T , giving rise to a thermodynamic stress
term S˜T . Here, instead, the mean contribution of the
Brownian force is equated to the mobility-related effec-
tive force F˜M , see Eq. (17). These two effective forces are
fundamentally different, being based on the probability
distribution and the grand mobility matrix, respectively,
and consequently the corresponding stresses have little in
common. After rewriting the thermodynamic stress term
to eliminate the probability distribution, as in Eqs. (1b)
and (2), both stress terms acquire superficial similarities
as divergences of segments of the hydrodynamic matrices,
S˜
T = −kBT
V
∑
i
∇i ·Ci = −kBT
V
∑
ij
∇i ·MijSF (38)
and
S˜
M = − 1
V
∑
ij
M
ij
SF F˜
M
j = −
kBT
V
∑
ijk
R
ik
SU∇j ·MkjUF ,
(39)
respectively. Since MSF = RSUMUF , as follows from
Eq. (15), the two stresses are different in general. A rare
exception is a dispersion consisting of a single sphere, in
which case MSF = RSU = 0.
A second difference is the explicit inclusion of all fluctu-
ating Brownian contributions in Eq. (33). Their presence
allows for a self-consistency test by comparing the viscos-
ity obtained from the average stress at constant low shear
rate with the viscosity extracted from the thermal stress
fluctuations in equilibrium using the Green-Kubo formal-
ism. It is not possible to conclude that a stress expression
passes this test based on an analysis that bypasses the
8fluctuating Brownian stress contributions and their cor-
relations to the colloidal dynamics [14, 34]. The consis-
tency test of the revised stress expression is a topic of on-
going research. Note that identical forces enter both the
equation of motion and the novel stress expression, be-
cause the non-straining part of the hydrodynamic stress
is a consequence of the motion of the colloids relative to
the flow field, see Eq. (12). In applications of Batche-
lor’s approach, besides the ommitted fluctuating Brow-
nian contributions to the stress, the effective mobility-
related force F˜M is used in the equation of motion but
not in the stress, while the effective thermodynamic force
F˜
T features in the stress,
S˜
T = − 1
V
∑
ij
M
ij
SF F˜
T
j , (40)
but does not appear in the equation of motion.
VI. DISCUSSION AND CONCLUSIONS
The ‘thermodynamic force’ F˜ T was presented by
Batchelor [8] as ‘an alternative and much simpler method
for the statistical mechanics part of the investigation
which is a generalization of the argument used by Ein-
stein and which gives the asymptotic or long-time statis-
tical properties of the displacement of particles in terms
of the thermal energy of the medium.’ Batchelor [9], and
many authors since, have used the thermodynamic force
as the average resultant of the Brownian force, driving
the colloids against the concentration gradient, in the
derivation of stress expressions for colloidal suspensions.
But the average resultant of the Brownian force is well-
known to derive from the divergence of the mobility ma-
trix, referred to above as the mobility-related force F˜M .
A new stress expression was derived, see Eq. (25) and
Eqs. (33) through (35), in which the Brownian forces
entering the stress calculation match those entering the
equation of motion of the colloids.
The interpretation of the thermodynamic force as the
average contribution of Brownian motion is widespread
in the literature on the stress of colloidal suspensions.
Bossis and Brady [37] are a rare exception, by presenting
an alternative derivation of a stress expression without
making use of the thermodynamic force and including
the mobility-related force instead. They replace Eq. (18)
by an alternative first order Langevin equation of mo-
tion that by an averaged Mil’shtein approximation re-
covers Eq. (20) upon integration; the stress then follows
by integration of RSU x˙ over the time step, again by av-
eraging the Mil’shtein approximation over the Brownian
forces. This derivation is hampered, however, by building
on the assumption that Eq. (20) is the correct expression
and Eq. (18) an approximation – it is well-known that
Eq. (18) is the correct expression in the Itoˆ interpreta-
tion while Eq. (20) is an approximation to its integration
over a time step [10–12].
More work is needed to establish the impact of the re-
vised averaged Brownian contribution on the stress and
viscosity calculations of the past 40 years. The good
agreement between simulation results and experimental
data on the viscosity of suspensions of spherical particles,
see for instance the variation of viscosity with volume
fraction reported by Foss and Brady [38], indicates that
the mean Brownian term makes a relatively minor contri-
bution in this particular case. A number of simulations
and derivations should be repeated carefully to establish
the particular consequences for other systems. Numerical
results illustrating the impact on simple colloidal systems
will be presented in a forthcoming publication.
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